DATA SCIENCE
CCONCEPTS AND ANALYSIS

HOMEWORK 1 - SOLUTIONS FSTATE

100
PSTAT 100 - DATA SCIENCE: CONCEPTS AND ANALYSIS

INSTRUCTOR: Ethan P. Marzban

1 Submission Instructions

This homework assignment consists of a mix of written and coding questions.

Written Portion
* Please show all of your work
« Answers may be handwritten or typeset (using LaTeX, Word, etc.)
 Please write legibly; if the grader cannot read your work, you will not receive full
marks.

Coding Portion
 Please make sure to interpret all code outputs.
- As a general rule-of-thumb: if there is a code chunk whose output is not
being interpreted, you should move the code chunk to an Appendix.

Final Submission
* You should combine your written and coding answers into a single PDF, which you
upload to Gradescope.
- Hereis a free online resource to help you merge PDFs.
— Please note: Gradescope will only allow you to upload a single PDF.
 Ensure you match pagesin your Gradescope submission; failure to do so may incur
point penalties.

! Due Date

You must upload your homework to Gradescope by no later than 11:59 pm on Sunday,
June 29, 2025.

O Information on Grading

A handful of parts will be selected from this homework to be graded on correct-
ness; these parts will be graded collectively out of 12 points.
- We will not reveal which parts are to be graded upon correctness until after
the homework is graded, so please attempt all problems!
* You will be assigned 2 additional points for submitting the entirety of your home-
work, and 1 additional point for matching pages on your gradescope submission.
- Assuch, if you fail to submit an attempt for all parts and fail to match pages,
you will not receive anything above an 80%.
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Written Portion

Problem 1: Some Linear Algebra Results

@ Motivation

We will frequently leverage commonly-derived results from Linear Algebra, as well as
the techniques used to derive these results. This problem is designed to not only intro-
duce three useful results, but also give you practice with using eigenvalue decomposi-
tions and singular value decompositions to derive results - a technique we will utilize in
lecture next week.

The following parts do not depend on one another.

(@) Suppose A is a diagonalizable matrix. Show that the trace of A is equal to the sum of its

eigenvalues. Hint: Consider the eigenvalue decomposition (EVD) of A.

value decomposition:
A=VAVT

a diagonal matrix comprised of the eigenvalues of A. We then have

tr(A) = tr(VAVT) = tr(VIVA)

tr(BCA). Since V is an orthogonal matrix, VTV = I and so

tr(A) = tr(A)

to the sum of the eigenvalues of A. Hence, the proof is complete.

Solution: The assumption that A is diagonalizable ensures that A admits an eigen-

where V is the orthogonal matrix whose columns are the eigenvectors of A and A is

where we have used the cyclic property of trace: tr(ABC) = tr(CAB) =

which, since A is a diagonal matrix comprised of the eigenvalues of A, is just equal

(b) Recall that a square matrix A is said to be idempotent if A?> = A. Show that the eigen-
values of an idempotent matrix are either 0 or 1. Hint: idempotent matrices are always

diagonalizable.

Solution: Starting from the hint, we see that A must admit an EVD:
A=VAVT

Furthermore,
A? = AA = (VAVT)(VAVT) = VAZVT

The assertion that A is idempotent means
VA2VT = VAZVT
Left-multiply by VT to obtain

AZVT = A2VT
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and right-multiply by V to obtain
AZ=A

In other words, for every eigenvalue \; we must have
M=\

which means that ); is either 0 or one, for all 7. Hence, the result is proven.

(c) Let A be a matrix (not necessarily square). Show that the trace of AT A is equal to the
sum of the squares of the singular values of A.

Solution: Every matrix A admits a singular value decomposition (SVD)
A =UDV'

where D is the diagonal matrix of singular values and U and V are both orthogonal
(unitary) matrices. This gives

ATA = (UDVHT(UDVT) =VvD'UTUDV' = VD?VT
Hence,
tr(ATA) = tr(VD?*VT') = tr(VTVD?) = tr(D?)

thereby proving the desired result.

Problem 2: Random Vectors

@ Motivation

In data science, we are often concerned with multiple values that may be random. As
such, we need to extend the notion of a random variable defined in PSTAT 120A: this
problem introduces you to such an extension.

Recall from PSTAT 120A that a random variable X is essentially a mapping from an outcome
space () to the realline. In this way, we can view a collection X := (X1, Xn)T of nrandom
variables as a mapping from an n-dimensional outcome space to R". Such a mapping is called
a random vector. We define the mean (vector) of X tobe

E[X4]
i=EX] = :
E[X,]
and the covariance matrix (sometimes called the variance-covariance matrix) of X tobe
Var(Xl) COV(Xl, XQ) s COV(Xl, Xn)
L. Cov(X1, X2) Var(X3) <o Cov(Xq, Xp)
S=E[X-@)X -] = : ~ g
Cov(X1,Xp) Cov(Xo,X,) ---  Var(X,)
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to be the mean vector and covariance matrix of X, respectively. PSTAT

(@) Considerann-dimensional random vector X where the elements of X arei.i.d. (indepen- 190
dent and identically distributed) with common mean £ and common variance o2. Write
down the mean vector fi and covariance matrix 3 of X.

Solution: Since E[X;] = u, Vi we have that

—

E[X] p
: : i,

T
1
Il
I

Ex,))  \u

where fn is the n—dimensional unity vector (i.e. a vector comprised entirely of n
ones). Since the X;'s are stated to be independent, we know that Cov(X;, X;) = 0
forany i # j; furthermore, Var(X;) = o? for any i meaning

0 o --- 0 5
2: . . . . :O'In
O 0 --- o

where I, is the n—dimensional identity matrix.

(b) Show that the covariance matrix of a random vector is always positive semidefinite. Recall
that a matrix A is said to be positive semidefinite if, for every (conformable) vector Z, we

have ZT AZ > 0. A fact you may use without proof: for a random vector Z and a vector
a of constants,

Solution: We examine the quadratic form @' Xdforan arbitrary n—dimensional de-
terministic (i.e. nonrandom) vector a; if we can show this quantity is always nonneg-
ative for any a, our proof is complete. As such, note that

i'va=a'B|(X -5 (X - @) a

By the hint provided, we have

Note that Y := (X — /i)a is a scalar random variable, so
a'xa = E[Y?

which is always nonnegative. (If it's easier to see, note that E[Y?2] = Var(Y) +
(E[Y])?, meaning E[Y2] is the sum of two nonnegative quantities and is therefore
nonnegative itself.) Thus, X is, by definition, a positive semidefinite matrix.
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Coding Portion PSTATH) .

Problem 1: Data Science Prospects

@ Motivation

In this problem, we’ll gain some practice with data manipulation and plotting in R using
the tidyverse. | encourage you to use this as practice with:

« Filtering, mutating, pivoting, and melting dataframes

 Generating plots using ggplot2

* Interpreting plots to draw conclusions about data

Many of you are on track to get swanky new Data Science jobs after you graduate... So let’s
take a look at some of your job prospects! Specifically, we'll consider a dataset containing
information on the annual salaries of different data-science-focused jobs. The source for this
dataset, along with a (pretty well-documented) data dictionary, can be found at this link.

Two Important Instructions:

» For each question, please initially provide only your code outputs (remember that you
can always change the code chunk options to ensure that only the output of each code
chunk is displayed), and interpret your outputs thoroughly.

* Then, include an “Appendix” including the code you used. Please note: the grader re-
serves the right to not explore your appendix thoroughly, so you should not include any
answers to questions in the Appendix.

Example Question: What s the relationship betweenx <- c(0, 1, 2)andy <- c(2, 1,
0)?

Example Answer:

Scatterplot of Y vs. X

20 e
15 From this plot, we see that as x increases y de-
>1.0 d creases at a constant rate, meaning there is a
g-g negative linear association between x and y.
. [ ]
0.0 0.5 1.0 1.5 2.0
X
Appendix:

data.frame(x = c(0, 1, 2), y = c(2, 1, 0)) %%
ggplot(aes(x = x, y = y)) +
geom_point () +
ggtitle("Scatterplot of Y vs. X") +
theme minimal ()
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@ Note

Part of the Data Science learning process is Googling! As such, it is the intention that,
for some of these questions, you may need to look up the help file for some functions
not discussed in lecture, or consult Google for help on how to accomplish a certain goal.
Again, not only is there no shame in this - this is expected! Just please be sure to cite
your sources (even just including a link is sufficient).

Part I: Exploring the Dataset

We’'ll start out with some basic explorations of the dataset.

a) Navigate to the source for the dataset (linked above), and take a look through the data
dictionary. Pick three variables, and write them down in a bulleted list along with a
short description of what they represent.

b) Load the data (stored in afile called salaries.csv, located in the data/ subfolder) R.

Isolate the job titles present in the dataset, and determine the number of unique job
titles present in the dataset.

Part Il: Data Scientists

Now, let’s take a look at only the job whose titles include the phrase “Data Scientist”. If you
have a vector unique_job_titles that stores the names of the unique job titles present
in the dataset, then the following code chunk will extract out only the job titles containing
the phrase “Data Scientist” and assign the resulting vector of job titles to a vector called
ds_titles.

ds_titles <- unique_job_titles[str_detect(
unique_job_titles, "Data Scientist")]

(Don’t worry too much about the details behind how this code works; we'll talk about string
manipulation a bit later in this course.)

c) Generateanappropriate plot (it's up toyou to figure out the best type of plot here!) that
displays the different job titles containing the phrase “Data Scientist” on the horizontal
axis and the corresponding salaries on the vertical axis. Include descriptive axis labels,
aswellas atitle foryour plot. Hint: start by filtering the salaries dataframe toinclude
only job titles in the ds_title vector, and then pipe the result into an appropriate call
to ggplot (). Note: your final plot may look messy; that's by design! We'll work on
formatting this plot in the next part.

d) Re-do your plot from part (c), but now apply a log transformation to the vertical axis
(i.e. instead of plotting raw salaries, plot log-transformed salaries). Additionally, add
a call to theme () with the appropriate arguments specified to rotate the text on the
horizontal axis 90 degrees. Hint: Look up the help file for theme (), and the help file
for element text().
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Part llIl: Comparisons Over Time PSTAT

Let's take a look at some comparisons over time! Since there are so many job titles repre- 190
sented in the dataset, we'll restrict ourselves to considering only the job titles: “Data Analyst”,
“Data Scientist”, and “Machine Learning Engineer.”
e) Plot the median salary over time, and color by job title. Again, it is up to you to identify
the most appropriate type of plot. Then, provide a brief interpretation of your plot.
Specifically, have any jobs seen an increase in median salary over time? How have the
median salaries across these three job titles compared, and how has that comparison
changed over time? Tip: To relabel your legend (assuming you have correctly col-
ored by job title), add the following call to your code: 1abs(colour = "Job Title").
CODING SOLUTIONS
Part (a)
Answers may vary.
Part (b)
salaries <- read.csv("data/salaries.csv")
unique_job_titles <- salaries$job_title %>} unique() %>% sort()
length(unique_job_titles)
[1] 369
So there are 369 unique job titles represented in the dataset.
Part (c)
ds_titles <- unique_job_titles[str_detect(unique_job_titles, "Data Scientist")]
salaries %>%
filter(job_title %in% ds_titles) %>% ## include only job titles from ds_titles
ggplot(aes(x = job_title, y = salary)) + ## specify appropriate mappints
geom_boxplot() + ## side-by-side bozplot
xlab("Job Title") + ylab("Salary") + ## axzis labels
ggtitle("Salaries across Job Titles") + ## plot title
theme_minimal () ## (optional) theming
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Salaries across Job Titles PSTAT
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As the problem description mentions, this plot is messy and a bit uninterpretable; we’'ll fix
the formatting in the next part.

Part (d)

salaries %>V

filter(job_title %in% ds_titles) %>% ## include only job titles from ds_titles
ggplot(aes(x = job_title, y = salary)) + ## specify appropriate mappints
geom_boxplot() + ## side-by-side bozplot

xlab("Job Title") + ylab("log(Salary)") + ## axzis labels

ggtitle("Salaries across Job Titles") + ## plot title

theme_minimal() + ## (optional) theming

scale_y_logl0() + ## log-transform salaries

theme (axis.text.x = element_text(angle = 90)) ## rotate z-axis values
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Salaries across Job Titles PSTAT
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On average, it seems that Data Scientist Leads make the most, though the highest earner was
a "Data Scientist.” However, there appears to be significant variability among the salaries of
people with the title “Data Scientist”, so one might classify that job as “high-risk high-reward.”

Part (e)

salaries %>%
filter(job_title %in% c("Data Scientist", ## look at only these three job titles
"Data Analyst",
"Machine Learning Engineer")) %>%

group_by(job_title, work_year) %>% ## group by job title and work year
summarise( Median Salary” = median(salary)) %>% ## compute the median salary
ggplot (aes(x = work_year,
y = "Median Salary’)) + ## specify azes
geom_point(aes(col = job_title)) + ## generate points
geom_line(aes(col = job_title)) + ## generate lines
xlab("Work Year") + ## z-axis label
theme_minimal() + ## optional theming
ggtitle("Median Annual Salary over Time") + ## include a title
labs(colour = "Job Title") ## Relabel the legend

“summarise ()~ has grouped output by 'job_title'. You can override using the
T.groups” argument.
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Median Annual Salary over Time
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Both Data Analysts and Data Scientists seem to have enjoyed a relatively steady increase in
median salary over the years, with a slight downtick in the past three years. Machine Learning
Engineers salaries seemed to experience a bit of a dip post-pandemic, but are on a steady rise.
Indeed, immediately post-pandemic Data Scientists made the most with Data Analysts and
Machine Learning Engineers trailing behind, whereas now Machine Learning Engineers make
a considerable amount more than both Data Analysts and Data Scientists.
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